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Introduction

Large-Eddy simulations (LES) has important role in studying 
boundary layer dynamics since large-scale parallel computing 
with increased computer power enables it. The applications 
include:

• Atmosphere-land interactions;

• Boundary layers with surface water wave effects;

• Weakly stable nocturnal flows;

• Flow in complex terrain

and so on…
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It’s important to examine the quality of LES solutions:

Solution quality

Grid mesh             
Subgrid-scale(SGS) 

parameterizations

Numerical 

discretizations

Boundary 

conditions

Here, the paper investigate the sensitivity and convergence of 

LES solutions as the grid mesh is substantially varied for a 

certain choice of SGS model, and the physical problem 

investigated is a very weakly sheared daytime convective PBL.
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LES equations and symbol description

Typical LES model equations for a dry atmospheric PBL under 

the Boussinesq approximation include:

𝑎 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑟𝑡 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑚𝑜𝑚𝑒𝑛𝑡𝑢𝑚:

𝜕 𝒖

𝜕𝑡
+  𝒖 ∙ 𝛻 𝒖 = −𝐟 ×  𝒖 − 𝑼𝑔 − 𝛻 𝜋 +  𝒌𝛽  𝜃 − 𝛻 ∙ 𝑻 (1)

𝑏 𝑡𝑟𝑎𝑛𝑠𝑝𝑜𝑟𝑡 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑎 𝑐𝑜𝑛𝑠𝑒𝑟𝑣𝑒𝑑 𝑏𝑢𝑜𝑦𝑎𝑛𝑐𝑦 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒
(𝑒. 𝑔. , 𝑣𝑖𝑟𝑡𝑢𝑎𝑙 𝑝𝑜𝑡𝑒𝑛𝑡𝑖𝑎𝑙 𝑡𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒  𝜃)

𝜕  𝜃

𝜕𝑡
+  𝒖 ∙ 𝛻  𝜃 = −𝛻 ∙ 𝑩 (2)

𝑐 𝑐𝑙𝑜𝑠𝑢𝑟𝑒 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛𝑠 𝑓𝑜𝑟 𝑆𝐺𝑆 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠(𝑒. 𝑔. , 𝑇𝐾𝐸 𝑒)

𝜕𝑒

𝜕𝑡
+  𝒖 ∙ 𝛻𝑒 = 𝒫 + ℬ + 𝒟 − 𝜀 (3)

5



Total velocity            𝒖 =  𝒖 + 𝒖′

where  () and ()′ denote resolved and subgrid fields respectively.

Resolved turbulence fluctuation    𝑓′′ =  𝑓 −  𝑓 and a special case 

is vertical velocity,  𝑤 ≡ 𝑤′′ .

where ∙ denotes ensemble average.

The SGS momentum and scalar fluxes and SGS energy are

𝐓 = 𝑢𝒊𝑢𝒋 −  𝑢𝒊  𝑢𝒋 4𝑎

𝐁 = 𝑢𝒊𝜃 −  𝑢𝒊  𝜃 4b

𝑒 =
𝑢𝒊𝑢𝒊 −  𝑢𝒊  𝑢𝒊

2
(4𝑐)

which represent the SGS influence on the resolved field. 
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Design of LES experiments

Table 1. Simulation grid spacings.

Run Grid points (∆𝑥, ∆𝑦, ∆𝑧)(𝑚) ∆𝑓(𝑚)

A 323 (160,160,64) 154

B 643 (80,80,32) 77.2

C 1283 (40,40,16) 38.6

D 2563 (20,20,8) 19.3

E 5123 (10,10,4) 9.6

F 10243 (5,5,2) 4.8

Coarse

Fine

• Computation domain is 𝐿𝑥, 𝐿𝑦 , 𝐿𝑧 = 5120,5120,2048 𝑚, 

and the initial inversion height 𝑧𝑖~1024𝑚.

Characteristic subgird length 

scale or LES filter width 

used in 2D filter ∆𝑓 3 =
 ∆𝑥 ∆𝑦∆𝑧, and 

( ∆𝑥,  ∆𝑦)=3(∆𝑥, ∆𝑦)/2
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• The initial sounding of virtual potential temperature 𝜃 has a 

three-layer structure:

𝜃 𝑧 =  

300𝐾 ∶ 0 < 𝑧 < 974𝑚.
300𝐾 + 𝑧 − 974𝑚 ∙ 0.08 𝐾𝑚−1 ∶ 974 < 𝑧 < 1074𝑚.

308𝐾 + 𝑧 − 1074𝑚 ∙ 0.003 𝐾𝑚−1: 𝑧 > 1074𝑚. (5)

A sharp jump in temperature of 8K is imposed over a depth 

of 100m near the top of the PBL.

• All simulations are started from small random seed 

perturbations in temperature near the surface.

• The PBL is driven by a constant surface buoyancy flux 𝑄∗ and 

weak geostrophic winds and a fully rough lower boundary.

• The simulations are carried forward for about 25 large eddy 

turnover time T.
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Overall Results
Table 2. Bulk simulation properties.

Run 𝑧𝑖(𝑚) 𝑧𝑖/∆𝑓 𝑧𝑖/𝐶𝑠∆𝑓 𝑤∗(𝑚 𝑠−1) 𝑤𝑒/𝑤∗ 𝑅𝑒 ℓ 𝑢∗/𝑤∗ (𝛿𝑏, 𝛿𝑡)/𝑧𝑖

A 1132 7.2 40 2.07 9.56 238 0.084 (0.74,1.22)

B 1118 14.5 80 2.06 8.45 554 0.091 (0.75,1.18)

C 1099 28.5 158 2.05 6.84 1300 0.090 (0.77,1.12)

D 1092 56.6 314 2.05 5.23 3178 0.087 (0.80,1.09)

E 1088 113.3 630 2.04 5.27 8050 0.084 (0.80,1.07)

F 1099 229.0 1272 2.05 5.16 20600 0.079 (0.80,1.05)

PBL depth 𝑧𝑖, Deardorff convective velocity scale 𝑤∗, 
entrainment rate 𝑤𝑒, large-eddy Reynolds number at mid-PBL 

𝑅𝑒 ℓ, friction velocity 𝑢∗, bottom and top of the entrainment 

zone  (𝛿𝑏 , 𝛿𝑡)/𝑧𝑖

No variant
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Results a.Inertial subrange scaling
A fundamental basis of  high Reynolds number LES is that the 

resolved (large eddy) turbulence is independent of SGS influence, 

namely the SGS viscosity 𝜈𝑡 and scalar diffusivity 𝜈𝐻. 

Define 𝑅𝑒 ℓ for LES of a convective PBL based on the SGS 

viscosity 𝜈𝑡 and character velocity and length scale (𝑤∗, 𝑧𝑖)

𝑅𝑒 ℓ =
𝑤∗ 𝑧𝑖
𝜈𝑡

=
𝑤∗ 𝑧𝑖

𝐶𝑘Δ𝑓 𝑒
(6)

𝜀 =
𝐶𝜀𝑒

3/2

∆𝑓
,𝑤∗ =

𝑔

𝜃0
𝑄∗𝑧𝑖 , 𝐶𝑠 =

𝐶𝑘

3
4

𝐶𝜀

1
4

(7)and
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𝑅𝑒 ℓ =
𝑧𝑖
∆𝑓

4
3 𝐶𝜀

𝐶𝑘
3 ∙

𝑔

𝜃0
∙
𝑄∗
𝜀

1
3

=
𝑧𝑖

𝐶𝑠∆𝑓

4
3 𝑔

𝜃0
∙
𝑄∗
𝜀

1
3

Leads to 

(8)

Fig.1 Variation of large-eddy Reynolds number 𝑅𝑒 ℓ with mesh resolution at heights 
z

𝑧𝑖
=

0.1,0.5 𝑎𝑛𝑑 0.9

𝑅𝑒 ℓ ∙
∆𝑓

𝑧𝑖

4/3
≈

𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 if Δ𝑓
or 𝐶𝑠Δ𝑓 lies in 

the inertial 

subrange.

Coarse Fine

mesh > 25630.9

0.5

0.1
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Results b.Temperature profiles & 
entrainment statistics

Fig.2 Vertical profile of mean virtual potential temperature  𝜃 and normalized 

total turbulent temperature flux 𝑤′′𝜃′′ + 𝑩 ∙  𝒌 /𝑄∗ for varying mesh resolution .

entrainment 

zone 

inversion layer
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Use the maximum vertical gradient in temperature method to 

determine the PBL height 𝑧𝑖. A critical parameter, the entrainment 

rate 𝑤𝑒 = 𝑑𝑧𝑖/𝑑𝑡, is then a function of mesh resolution.

Fig.3 Variation of 

the boundary layer 

height 𝑧𝑖 with non-

dimensional time 

𝑡/𝑇.
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To further expose the coupling between the mean temperature 

field and turbulence in the entrainment zone, the paper examine 

the average budget equations for the resolved vertical temperature 

flux and temperature variance.

𝜕

𝜕𝑡
𝑤′′ 𝜃′′ = −

𝜕

𝜕𝑧
𝑤′′2𝜃′′ − 𝑤′′2

𝜕  𝜃

𝜕𝑧
+
𝑔

𝜃0
𝜃′′

2

𝑇 𝑀 𝐵

−
1

𝜌
𝜃′′

𝜕𝜋′′

𝜕𝑧
+ℱ

𝑃 𝑆

(9a)

1

2

𝜕

𝜕𝑡
𝜃′′

2
= −

1

2

𝜕

𝜕𝑧
𝑤′′𝜃′′

2
− 𝑤′′ 𝜃′′

𝜕  𝜃

𝜕𝑧
+𝒮𝜃

𝑇 𝑀 𝑆

(9b)

In these equations, T is turbulent transport, M is mean-gradient 

production, B is buoyant production, P is pressure destruction, 

and S is a SSG term.

>0, M term acts as a sink

>0<0
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• It is the mean temperature gradient that influences mean temperature 

flux and temperature variance, and in turn impact the entrainment 

prediction as well as itself.

• To illustrate the influence of 𝜕  𝜃 /𝜕𝑧, additional simulations are 

added:

• Simulation D1 uses a 2563 mesh but sets the filter width Δ𝑓 equal 

to the value for the 643 with other settings still. (open circle 

marker in Fig.3)

• Simulation B1 uses a 643 mesh but with no monotone vertical 

temperature flux. (open square marker in Fig.3) 

• Results show that insufficient vertical resolution weakens the 

inversion and increases the entrainment rate while maintaining 

nearly the same minimum temperature flux.
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Results c. Convergence of variances statistics

Fig.4 Effect of mesh resolution on the total(resolved plus SGS contributions) TKE(left),total 

variance of the vertical(middle) and horizontal(right) velocities. TKE is normalized by 𝑤∗
2.
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Fig.5 Total temperature variance Θ2 on 

different mesh resolution. The temperature 

variance is normalized by Θ∗ = 𝑄∗/𝑤∗.

Θ2 𝑧 = 𝜃′′
2
+ 𝜑 /𝜃∗

2

and the SGS variance contribution 

is diagnosed from:

𝜑 ~ −
2ℓ𝑓𝐁 ∙  𝑘

𝐶𝜃 𝑒

𝜕  𝜃

𝜕𝑧
There’s no prognostic equation for 

the SGS temperature variance.

The weaker temperature gradient 

that develops on the coarse mesh 

greatly reduces the temperature 

variance.

(10a)

(10b)



18

Results d. Spectral analysis

Fig.6 Two-dimensional energy spectra of vertical (left) and horizontal 

(right) velocity in the PBL for varying meshes. The groups of spectra at 

the top, middle and bottom are height at 0.9,0.5 and 0.1.

𝑘ℎ
−5/3

slope
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Fig.7 Two-dimensional energy spectrum of vertical(left) and 

horizontal(right) velocity near the lower boundary at various heights 
z

𝑧𝑖
=0.1,0.2,0.3 and 0.5 for a simulations with 10243 grid points.

𝑘ℎ
−5/3

slope
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Results e. High-order moments
Identify the vertical velocity skewness 𝑆𝑤 as a critical parameter in 

boundary layer dynamics, and it is formed by high-order moments.

𝑆𝑤 =
𝑤3

𝑤2 3/2
(11)

Fig.8 Resolved vertical velocity skewness on different 

mesh resolution with observations compared.

near the surface 𝑆 𝑤 decrease and 

eventually becomes unrealistically 

negative on the coarse meshes.

With decreasing grid resolution, 𝑆 𝑤
becomes larger and shows a 

obvious maximum below the 

inversion.
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The interpretation of Fig.8 hinges on the behavior and modeling of 

the SGS fluxes in LES , since typical LES uses Smagorinsky closures 

that parameterized fluxes at the second moment level, so there’s no 

clear definition of SGS skewness in LES.

𝑆𝑤 = 𝑆 𝑤
1 −  𝜓

3
2

(1 −  𝜙)
(12)

Fig.9 (a)Skewness from simulation F, Ff and B, and (b) SGS moments 

from Ff. 

F Ff

B

SGS 

correction

=1
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Hunt et al.(1988) note that Smagorinsky closures assume SGS 

third-order moment  𝜙 = 0, as a consequence, coarse-mesh LES 

results predict erroneous values of skewness.

• When Smagorinsky type closures are used with LES, the 

resolution ratio 𝑧𝑖/𝐶𝑠∆𝑓 needs to be greater than 630 to obtain 

mesh-independent estimates of 𝑆 𝑤 .(See Fig.8 simulation E and F)

For other third-order moments

𝛾𝑎 = 𝑤′′2𝜃′′ and 𝛾𝑏 = 𝑤′′ 𝜃′′
2

There is also a clear mesh 

dependence in the inversion layer 

and near the surface.

Fig.10 Resolved third-order moments on different 

mesh resolution. 



23

Results f. Flow visualization
Coarse-mesh LES hints at coherent vortices but fine-resolution 

simulations allow a detailed examination of their dynamics within the 

larger-scale flow.

Fig.11 Visualization of the vertical 

velocity field in a convective PBL at 

different heights from the F simulation: 

𝑧/𝑧𝑖=0.04(top left), 0.1(top right),0.5 

and 0.9.

The fine-resolution simulation 

clearly illustrates the classical 

formation of plumes in a convective 

PBL, which represents one aspect of 

large- and small-scale interaction.
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Summary
This code is to carry out a grid sensitivity study of a daytime convective 

PBL for a wide range of meshes varying from 323 to 10243. Based on 

the variation of the second-order statistics, spectra and entrainment 

statistics we find that the 3D time-dependent LES solutions numerically 

converge as the mesh is refined.

• For our mesh of 2563, the ratio 𝑧𝑖/∆𝑓>60 or 𝑧𝑖/(𝐶𝑠∆𝑓) > 310 ,in 

this regime, the LES solutions show clear Kolmogorov inertial 

subrange scaling, which is the basis of most high-Reynolds number 

subgrid-scale modeling. (results a and d)

• The LES estimates of entrainment velocity become mesh 

independent when the vertical grid resolution is able to capture both 

the mean structure of the overlying inversion and the turbulence. 

(result b)
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• Near the rough lower surface and in the entrainment zone , the 

total (resolved plus subgrid) temperature variance increases with 

mesh refinement, which is partly a consequence of the SGS 

model that does not employ a prognostic equation for SGS 

temperature variance. (result c)

• The mesh dependence of  𝑆 𝑤 is a consequence of a Smagorinsky

closure that neglects third-order SGS moments of vertical velocity. 

Simulation with 5123 mesh points or more are needed to estimate 

vertical velocity and higher-order moments from the resolved 

LES flow field. (result e)

• The criterion 𝑧𝑖/(𝐶𝑠∆𝑓)>310 proposed here for simulations of 

convective boundary layers needs to be tested under other 

meteorological conditions.
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Thank you


